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Abstract 

We prove that an isometric action of a compact Lie group on a compact symmetric 
space is variationally complete if and only if it is hyperpolar. 

1 Introduction 

The main result of this paper is the following theorem. 

Theorem An isometric action of a compact Lie group on a compact symmetric space is 
variationally complete if and only if it is hyperpolar. 

Variationally complete actions were introduced by Bott in [jj (see also ||). Let G be a 
compact Lie group acting on a complete Riemannian manifold M by isometries. A geodesic 
7 in M is called G-transversal if it is orthogonal to the G-orbit through ~f(t) for every t. 
One can show that a geodesic 7 is G-transversal if there is a point to such that j(to) is 
orthogonal to Gy^o)- A Jacobi field along a geodesic in M is called G-transversal if it is the 
variational vector field of a variation through G-transversal geodesies. The action of G on 
M is called variationally complete if every G-transversal Jacobi field J in M that is tangent 
to the G-orbits at two different parameter values is the restriction of a Killing field on M 
induced by the G-action. It is proved in @] on p. 974 that instead of requiring tangency at 
two different points in the definition of variational completeness it is equivalent to require 
tangency at one point and vanishing at another point. 

Conlon considered in || actions of a Lie group G on a complete Riemannian manifold M 
with the property that there is a connected submanifold S of M that meets all orbits of G in 
such a way that the intersections between £ and the orbits of G are all orthogonal. Such a 
submanifold is called a section and an action admitting a section is called polar. Notice that 
neither do we assume as Conlon in || that S is closed nor do we assume that it is properly 
embedded as is usually required in the recent literature on the subject. It is easy to see that 
a section £ is totally geodesic in M. An action admitting a section that is flat in the induced 
metric is called hyperpolar. Conlon proved in || that a hyperpolar action of a compact Lie 
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group on a complete Riemannian manifold is variationally complete. Notice that he does 
not use in his proof that the sections of the action are closed. His result therefore implies 
one direction of the main theorem of this paper. 

In the case of Euclidean spaces, hyperpolar representations were classified by Dadok 
in || . As a consequence of his classification he obtained that a hyperpolar representation of 
a compact Lie group is orbit equivalent to the isotropy representation of a symmetric space. 
(We recall that two isometric actions are said to be orbit equivalent if there is an isometry 
between the action spaces under which the orbits of the two actions correspond.) 

On the other hand, we classified variationally complete representations in ||. As a 
consequence of our classification we obtained that a variationally complete representation of 
a compact Lie group is hyperpolar. Di Scala and Olmos gave in || a very short, simple proof 
of this result. It follows that a representation is hyperpolar if and only if it is variationally 
complete. 

Next we discuss the case of compact symmetric spaces. There are two important classes 
of examples of hyperpolar actions on them. It is clear that a cohomogeneity one action of a 
compact Lie group on a compact symmetric space is hyperpolar. Hermann constructed in || 
a class of examples of variationally complete actions on compact symmetric spaces which in 
fact turned out to be hyperpolar. Namely, if K\ and K-i are two symmetric subgroups of the 
same compact Lie group G, then the action of K\ on G/K2 is hyperpolar and so is the action 
of K\ x K2 on G. Kollross [ 10 1 classified hyperpolar actions on compact irreducible symmetric 
spaces. It follows from his classification that, in the irreducible case, all hyperpolar actions 
belong to either one of these classes. 

Finally, we add that the concepts of hyperpolarity and variational completeness admit 
natural extensions in the context of proper Fredholm actions of Hilbert-Lie groups on Hilbert 
spaces (see jl ij and [|l2| ) . We shall make use of them in the course of our proof. 



2 The proof of the theorem 

Conlon proved in f3[ that hyperpolar actions are variationally complete as we pointed out 
in the introduction. In this section we will prove the converse of his result for actions on 
compact symmetric spaces. Our strategy is as follows. First we reduce to the case of a 
symmetric space of compact type. Next we lift the action on the symmetric space to a 
variationally complete action of a path group on a Hilbert space. Then we use an argument 
similar to that in [0 to show that the lifted action is hyperpolar. Finally, it is easy to see 
that a section for the action on the Hilbert space induces a flat section for the original action. 

Let M be a compact Riemannian symmetric space. We identify M with the coset space 
G/K, where G is the connected component of the group of all isometries of M and K is 
the isotropy subgroup of a chosen base point. Let if be a compact Lie group acting by 
isometries on M. An action of a group is variationally complete (resp. hyperpolar) if and 
only if the same is true for the restriction of that action to the connected component of the 
group. This follows from the definition in the case of variationally complete actions and is 
easy in the case of hyperpolar actions, see Proposition 2.4 in J7J. We can thus assume that 
H is a connected, closed subgroup of G. 

Let M be a compact Riemannian covering space of M which splits as a product of a 



2 



torus T k and a symmetric space N of compact type. Let G be the connected component 
of the group of all isometries of M. Then G is a covering group of G and we let H denote 
the subgroup of G which is the connected component of the inverse image of H. Notice 
that the action of H on M is variationally complete if the one of H on M is so. In this 
case, the restriction 02 of the action of H to iV is clearly still variationally complete. We 
will prove below that a variationally complete action on a symmetric space of compact type 
is hyperpolar. Since the restriction o~\ of the action of H to T k is orbit equivalent to the 
action of a torus on T k and therefore hyperpolar, it follows that the product action o~\ x a 2 
on T k x N = M is hyperpolar. The action of H on M is therefore also hyperpolar since it 
is orbit equivalent to the product action of o\ x <t 2 on M, which can be seen by arguments 
similar to those in the proof of Theorem 4 (ii) in jp or of Proposition 3.4 (d) in ||. Now we 
can simply project a section of the if-action in M down to M to see that the action of H 
on M is hyperpolar. 

It follows from the discussion in the previous paragraph that from now on we can restrict 
to the case where M is of compact type. In this case the group G is semisimple. There is 
an involution a of G such that K is open in the fixed point set of a. Now the Lie algebra 
of G decomposes into the ±l-eigenspaces of da, g = t + p, where I is the Lie algebra of K, 
and the Riemannian metric in M is the G-invariant metric induced by some Ad^-invariant 
inner product on g. The group if is a closed subgroup of G so that it acts on M by left 
translations, and H x K acts on G by (h, k) ■ g = hgk^ 1 , where h G H, k G K and g G G. 
Clearly, the projection n : G — > G/K is an equivariant Riemannian submersion. 

Lemma 1 If the action of H on M is variationally complete, then the action of H x K on 
G is also variationally complete. 

Proof. Let 7 be an H x fC-transversal geodesic in G defined on [0, 1] and let J be an 
H x i^-transversal Jacobi field along 7 such that J(0) = and J(l) is tangent to the H x K- 
orbit through 7(1). We must show that J is the restriction along 7 of an H x i^-Killing 
field. 

We first identify the tangent and normal spaces to the H x fT-orbits in G. Let f) be the Lie 
algebra of H. Then f) is a subalgebra of g and we denote by f) -1 its orthogonal complement 
in g with respect to the Ad^-invariant inner product on g. Note that [fj, t) ± ] C i) ± and that 
6 and p are also mutually orthogonal in g. Given a G G, the tangent space to H ■ a ■ K at 
the point a is J) • a + a ■ t. Therefore the left translates under a -1 of the tangent and normal 
spaces of H ■ a ■ K at a are respectively l a := t + Ad a -ifj and m a := p fl Ad a -it) ± . It will be 
convenient to set q a := 6 fl Ad a -if). 

Let 7(0) = a G G. Then j(t) = ae tx for X G m a . Since J(0) = 0, setting j a (t) = 
ae t(x+aY) ^ w ]j ere y g m a and Y = a^ 1 ■ J'(0), defines a variation of 7 = 70 through H x K- 
transversal geodesies which induces J. Since n : G — > G/K is an equivariant Riemannian 
submersion and each 7 Q is a horizontal curve with respect to it, we have that {vr7 a } is a 
variation of 7 — ^7 through if-transversal geodesies in M. Moreover, the associated H- 
transversal Jacobi field J along 7 satisfies J(0) = 0, J'(0) = a ■ tt*Y, and J(l) is tangent to 
the if-orbit through ir(ae x ). It follows by variational completeness of the action of H on M 
that J is the restriction along 7 of an if -Killing field on M, namely J(t) = Z • 7(t) for some 
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Z G {), which yields 



e QZ 7r(ae^ 



0=0 



9a 



ae 



• 7T*Ad 



0=0 



(ae tx ) 



iZ. 



This equation gives J(0) = a • 7r*Ad a -iZ. Since we already know that J(0) = 0, we get that 
7r*Ad a -iZ = 0, and then Ad a -iZ G £. Hence Ad a -iZ G q a . 

Since I G p, the left translations by e tx define isometries of the symmetric space M 
which form a one-parameter group of transvections, that is, each one of them induces parallel 
transport along the geodesic s 
Then we have 



7r(e ). Denote by V the Levi-Civita connection of M. 



J'(0) 



J) 



d_ 

dt 



t=0 



■K*Adi ae tx\-iZ = 7r*[Ad a -iZ, X\. 



We deduce that J'(0) = a ■ 7r*[Ad a -iZ, X]. But we already know that J'(0) = a ■ n^Y. 
Since Y G m a C p and [Ad a -iZ,X] G [q a ,m a ] C m a C p, this implies Y = [Ad a -iZ,X]. 
Finally, consider the H x f^-Killing field in G given by 



d_ 

da 



a=0 



e * Zye -*Ad a -iz 



Then 



U • 7 (t) 
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Therefore U ■ 7(0) = and 



d 
dt 
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[Z,Ad a X)-a. 



e aZ ae tx a- l e- aZ a 



t=o 

Ad ea z a X) ■ a 



□ 



Hence a" 1 • || f=Q ?7 • 7 (t) = Ad a -i [Z, Ad a X] = Y. It follows that J(t) = U ■ 7 (t). 

Let V = L 2 ([0, 1};q) denote the Hilbert space of L 2 -integrable paths u : [0, 1] — > g, and 
let G = i? 1 ([0, 1]; (j) denote the Hilbert-Lie group of i7 1 -paths in G parametrized on [0, 1] 
(the elements of G are the absolutely continuous paths g : [0, 1] — > G whose derivative is 
square integrable). We have that G acts by affine isometries on V: g * u = gug^ 1 — g'g^ 1 , 
where g G G and u G V . Let V(G, H x K) denote the subgroup of all paths g G G such 
that (g(0), g(i)) G H x K. Let if : V —* G be the parallel transport map defined by 
<£>(tt) = h(l), where h G G is the unique solution of h~ l h' = u, h(0) = 1. Then it is known 
that (see O, HI HI): 



(a) the action of G on V is proper and Fredholm; 

(b) ip(g * u) = g(0)y9(w)g(l) -1 , where g G G and w G V; 

(c) V(G, H x K) * u = <p-\(H x K) ■ <p{u)); 
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(d) the action of V(G, 1 x G) on V is simply transitive; 

(e) if : V — > G is a Riemannian submersion and a principal fii(Cr) := 1 x l)-bundle; 

(f) the horizontal distribution H of tp is given by H,(u) = {Ad g Y : Y G g}, where Y 
denotes the constant path with value Y and g is the unique element of V(G, 1 x G) 
which satisfies u = g * 0; 

(g) the tangent space to the orbit through Y at Y is 



Lemma 2 action of HxK on G is variationally complete, then the action ofV(G, Hx 

K) on V is also variationally complete. 

Proof. Let 7 be a transversal geodesic in V defined on [0, 1] and let J be a transversal 
Jacobi field along 7 such that J(0) = and J(l) is tangent to the orbit through 7(1). We 
must show that J is the restriction along 7 of a Killing field induced by the V(G, H x in- 
action. 

Let 7(0) = u G V. Since V(G,H x K) D il 1 (G), we have that the normal space to the 
orbit through u is contained in the horizontal subspace 7i(u). Let g be the unique element 
of V(G, 1 x G) which satisfies u — g * 0. Now 7(2) = w + tAd g X for some I 6 g. Since 

J(0) = 0, setting 7 a (t) = u + tAd 9 (X + aY) = g * t(X + aY), where J'(0) = Ad g Y for some 
F G g, defines a variation of 7 = 70 through transversal geodesies which induces J. Since 
if : V — > G is an equivariant Riemannian submersion with respect to the homomorphism 
/i G V(G, H xK) 1— > (/i(0), /i(l)) G HxK, and each 7 a is a horizontal curve with respect to </?, 
we have that {v^7a} is a variation of 7 = ^7 through transversal geodesies in G. Moreover, the 
associated transversal Jacobi field J along 7 satisfies J(0) = 0, J'(0) = d<f u (Ad g Y) = Y ■ a, 
where a = gi^l)" 1 = f(u), and J(l) is tangent to the orbit through 7(1). It follows by 
variational completeness of the action of H x K on G that J is the restriction along 7 of an 
H x ^-Killing field on G, namely J(t) = Z ■ *f(t) - *f(t) -W for some Z G f), W G I 

Note that 7(t) = e tx a. Therefore we can write J(t) = e tx ■ (Ad e -txZ - Ad a W) ■ a. It 
follows that = J(0) = (Z - Ad a W) ■ a, so that W = Ad„-iZ G t n Ad -ifj = q a and 
J(f) = e ' x • (Ad e -txZ - Z) • a. Then we have that F • a = J'(0) = [Z, X] • a, which gives 
Y = [Z,X\. 

Finally consider the one-parameter subgroup {g a } of V(G, HxK) given by g a = ge aZ g -1 . 
Note that g a (0) = e aZ G H and <? a (l) = a^e aZ a G so that g a is well defined. We next 
show that the Killing field induced by {g a } coincides with J along 7. It suffices to compare 
their initial values. Since g a *l = (ge aZ ) * tX, we have 

ge aZ * 6 = -{ge aZ )\ge aZ Y l = -g'g' 1 = g * 6 = u, 
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and 
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This completes the proof. 
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tAd ge azX + u 



a=0 



A.d ge aZ X 



□ 



Lemma 3 If the action ofV(G, HxK) on V is variationally complete, then it is hyperpolar. 

Proof. Let A*o in V be an orbit which is the preimage of a principal orbit of H x K in 
G and 7 a geodesic starting orthogonally to N Q in p, i.e., £ = 7'(0) is in the normal space 
tp(iVo). Let Ni be the orbit through q = 7(1) and assume that also Ni is the preimage of a 
principal orbit in G. It follows from variational completeness that 7(1) is not a focal point of 
iVo along 7. We will prove that the tangent spaces of No at 7(0) and of jVj at 7(1) coincide 
if considered to be affine subspaces of V. It follows that the normal spaces of Nq at 7(0) and 
of Ni at 7(1) coincide which obviously implies that the action is hyperpolar. 

Let E p C T p N be the direct sum of the eigenspaces of the Weingarten operator 
corresponding to the nonvanishing eigenvalues and define a corresponding subspace E q C 
T q Ni with respect to the Weingarten map A^ 1 . Similarly let Z p be the zero eigenspace in 
T p Nq and Z q the zero eigenspace in T q N\. We will first prove that E v = E q using an argument 
from p. Then we will prove that Z p = Z q . It will follow that T p Nq = T q N\ finishing the 
proof. 

Let X £ E p be an eigenvector corresponding to the nonvanishing eigenvalue A of A^°. 
Then J(t) = (1 — Xt)X is a transversal Jacobi field along 7 that is tangent to the orbit iVo 
and vanishes in t = j. Variational completeness now implies that this Jacobi field is induced 
by the action. Therefore J(t) is tangent to the orbit through j(t) for every t. Since 7(1) 
is not a focal point of iVo along 7, we have that 1 — A 7^ and then X lies in T q N\. It is 
now clear have that X is an eigenvalue of Af 1 corresponding to a nonzero eigenvalue. This 



proves that E p C E q . Analogous arguments imply E q C E p proving E p 



E„ 



It is left to prove that Z p 
V(G, HxK) such that 



Z q . Let X G Z p . Let {ip a } be a one-parameter subgroup of 



X = — 



d 

da 



The variation {ipal} induces a Jacobi field J along 7 with J(0) = X. We first show that 
J(t) — X + tr) where 77 G u p (N ). In fact 



J'(0) 



d_ 

da 



a=0 



^ = -a^x + vi^*£ 



which shows that J'(0) lies in u p (Nq) as we wanted to prove. 

Our next goal is to show that rj = 0. Assume that rj 7^ 0. We know that X + rj G T q N\. 
Then n (jL v q {N\) since (X + 77, rj) — \ \n\\ 2 7^ 0. This implies that X + r] (jL Z q since otherwise 
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J'(l) = r) would be a normal vector. Let Y G E q be the image of X + 77 under the orthogonal 
projection along Z q into E q . We have that F ^ or, which is the same, (Y,X + rj) ^ 0. 
We know that (Y, X) = since E p = E q . We also have that (Y, rj) = since Y is a tangent 
vector of Nq in p and 77 is a normal vector. Hence we also get (Y,X + rj) = which is a 
contradiction. This proves that rj = 0. We therefore have that J(t) = X which implies that 
X G T q Ni and it is clear that X G Z q . It follows that Z p C Z g . The proof that Z q C Z p is 
analogous. Hence Z p = Z q . □ 

With the following lemma we finish the proof of the theorem in the introduction. 

Lemma 4 If the action ofV(G,H x if) on V is hyperpolar, then the action of H on M is 
also hyperpolar. 

Proof. Let £ be a section of the action of V[G, H x K) on V and let A be the image of 
£ under ip in G. We will show that A is a flat section of the action of H x if on G. Since S 
is horizontal with respect to the Riemannian submersion if, we have that <^|s : £ — > G is an 
isometric immersion. Property (c) before Lemma 2 implies that df u (T u ll) is perpendicular 
to the H x if -orbit through f{u) in G for all u G V. It follows that A is a submanifold 
in G which meets all orbits perpendicularly. Moreover A is flat since <^|e is an isometric 
immersion. This finishes the proof that the action of H x K on G is hyperpolar. Similar 
arguments show that tt{A) is a flat section of the action of H on M. □ 

It is interesting to remark that it follows from the results in section 2 of || that, in the 
case where the metric in G is induced from the Killing form of g, we have that A is a torus, 
and hence A and tt(A) are properly embedded sections. In the case where the metric in G 
is not induced from the Killing form of Q, we do not know of any example of a hyperpolar 
action with a section that is not properly embedded. Here we have assumed the symmetric 
space M to be of compact type. On the other hand, if the symmetric space M is a torus, a 
hyperpolar action can have a section that is not properly embedded. To see this let T k be a 
proper subtorus of M that we think of as a Lie group. The orbits of T k are the cosets of T k , 
and the image £ under the exponential map of the normal space of T k in M at the identity 
element is clearly a section. If M is not a rational torus, the subtorus T k can be chosen so 
that E is not properly embedded, see section 2 in 0. 
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